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In this paper deformational anisotropy is meant to be that anisotropy
which develops in a body as a result of its elastic deformation. Con-
sidered is the problem of the state of stress in a body subjected,
from a "natural" state, to two consecutive elastic deformations, It
is shown, that if the first defermation is homogeneous and different
from a hydrostatic tension or compression, then with the application
of a second deformation the body deforms in general as an orthotropic
one; the principal directions of elasticity coincide with the
principal axes of the homogeneous deformation, and the elastic con-
stants of this body can be expressed in terms of the elastic
constants of the original isotropic body and its principal elonga-
tions in first deformation, Thus, in solving this problem, the possi-
bility is opened to use the theory of elasticity of anisotropic
bodies. As applications, torsion of an elongated bar and bending of
an extended and sheared plate are considered.

1. Notation

Before and after its deformation, the body is referred to three fixed
and mutually perpendicular axes 1,2 and 3. The coordinates of any point
of the body Lefore the first deformation (in the "natural" state) are
designated by xi(here, and in what follows, i = 1,2,3). The coordinates
of this point after the first deformation (in the "initial" state, since
this is what it is for the second deformation) are designated by y .. The
first deformation is characterized by displacements u;, such that y; =
x: + u; (Fig.1). The components of the first deformation are determined
Ly formulas [1,2 7.
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The second deformation is characterized by displacements of points
of the body after the first deformation. The components of the second
deformation are determined by formulas

QL'i i aul.' N 0":' ‘hr

fih = 5 - = [k, r == K 1.2

Jik an, Ty, = oy, 7, (i, b, r==1, 2, 3) (1.2)
The total deformation, as a result of the first and second deforma-
tions, is given by displacements w; = u; + v; of points of a body from

their position in the natural state. The components of the total
deformation are defined by formulas

ow, dury, ow,, dw

1 . % ‘ «
gk =gz, Tom t D (Bhr=1L2y (1.3)

i
The components of stress after two deformations are oij=aij'+aij” .
Here o;.” indicate the stresses corresponding to displacements u;.
These are called "initial" stresses, since this is what they are for the
second deformation; o,,” indicate stresses corresponding to displace-
ments v,. These shall be called "secondary" stresses.

2. First deformation

The first deformation is assumed to be homogeneous and pure. Generally
in this case, the displacements of a point of the body will be u, = a,x,,
u, = A,x,, Uy = G,x;, if the axes of coordinates 1,2,3 (see Section 13
are directed parallel with the principal axes of deformation. The
coefficients o, = aui/axi are the principal elongations. The coordinates
of the point after deformation and the principal components of strain
will be, respectively

yi=(1+ o)z, Yo = (1 4 ) 2y, + o) 74 (2.1)

ys={1
e = 20 + o, ey = a5 + a5, eg = 2003 I oy’

The retention of quadratic terms, in the last expressions above, 1in-
dicates that the first deformation is not asumed to be small, as in the
linear theory of elasticity; thus, on the basis of certain considera-

tions, it 1s necessary to take second-order effects into account in this
deformation.

The invariants of strain are given by

Jn=er+e+em  (n=1,23,.) (2.2)
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derived from expressions

Jy= ey + egg + g, Jy = ey + €50 + e55® + 2eg5% + 265, + 2¢1,2  (2.3)
Js = e1)® + €59+ e33° + 3eyy (e19® + €3,%) + ey, (€12 + e95?) +
-+ 3ess (5% + €25%) + Beggegieqs

in which the components of strain with different subscripts are set
equal to zero, and e is denoted by €.

In the linear theory of elasticity, the principal stresses and the
elastic potential (density of the potential strain energy ®, referred
to a unit volume before deformation) are related by

o= M 2ua;, D=oJi4 BT, =27 f’;f (2.4)

where @ = &, + d, + 03 and the strain invariants are given by (2.2),
where the components of strain (2.1) are taken without quadratic terms.

Retaining these quadratic terms, we shall determine the principal
stresses corresponding to displacements u; = ®,x;, i.e. initial stresses
{see Section 1}; the stresses ¢ will be taken per unit area of the de-

i
formed body, by the formulas

of = (A0 4 2pe) [ (1T Fa) (1 + o)l = (M0 + 2u) (1 —xg —g)  (2.5)
= (A 4 Zpoey ) (1 — o0y — ), oy = (M 4 2pog) (1 — a;p — o)

with an accuracy including squares of the principal elongations. In
contrast to (2.4), the relationship between the principal stresses and
the elastic potential @ , taken per unit volume of the body before its
deformation, is expressed in the non-linear theory of elasticity by
formulas [ 1}

P N A i
% “‘I<5§c‘> 2% (2.6)

where & = Dly,,y,,y;) / Dlx, xz”‘B) is the ratio of the volume elements
of the body before and after its deformation, and y, is given in the
case considered by formulas (2.1). Comparing (2.6) and (2.4), and ob-
serving that, because of (2.1), d/de, = 2(1 + &;) d/de; we find

8(1)1 8(1)1 0(D1

50 == A 4 2uey, = = A 4 2pa,, = M 4 2pa, 2.7

Integrating equations (2.7), we obtain an expression for the elastic
potential of the first deformation in terms of the principal elongations:

Dy = + (A + 20) (2?4 %® + ag®) + Moy + 0125 + 2aes) (2.8)

To find an expression for this potential in terms of invariants of
the first deformation, we expand the expression & =‘\ﬁ-l +e;) =1,
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obtained from (2.1), into a series of powers of e;, converging for
Ieil<1.

Taking only the first two terms of this series, 1.e. setting
% =6 — 365 (2.9)
and substituting this expression into (2.8), we obtain
R A o A Y P L (2.10)

lere the strain invariants are taken from (2.2), and the principal
components of strain from (2.1). Because of the condition |e. | < 1, it
follows from (2.9), that the elastic potential (2.10) and the formulas
(2.5) corresponding to it are applicable to such deformations of iso-
tropic bodies, for which the principal elongations &, < 0.375.

The elastic potential (2.10) may be compared with the one of the
*five-constant® theory developed by Murnaghan [3.4 ]:

O = ;_()\_*_2“) e; — 2uery + lef® + meger 4 nepyy (2.11)

Here 1, m, n are the new (in addition to A, 1) elastic constants,
which should be determined from experiments or theoretical considerations,
The elastic potential (2.11) is written in terms of Eulerian variables,
i,e, the coordinates y of the points of the body after its deformation
are taken as independent variables, in contrast to formulas (1.1). The
invariants of strain €1, € » €q 2re also taken in a form different
from the one adopted by us in (2.3). It can be shown that if written in
terms of Lagrangian variables (the independent variables are the co-
ordinates %, of the points of the body before its deformation) and in
terms of invariants given by (2.3), the elastic potential (2.11) will be:

®=%m+%h—@+%+%ﬁ@+@+%+%Wﬂﬂ%—%wa@w

’

Comparing this expression with (2.10), we find
l=3/ph+ 3, m=—3Br+49%), n=9 (2.13)

Consequently, with such values of the elastic constants, the elastic
potential of the five-constant theory coincides with ours. It is of
interest to note that N.V, Zvolinskii and P.M. Riz [5 ] basing their work
on different considerations, give values of the elastic constants in the
five-constant theory which coincide with (2.13).

3. Application of deformation

Assume that the first elastic deformation is followed by a second,
also elastic one. Designating, as in Section 1, by f;, and g, the com-
ponents of the second and total strain, we find the following components
from (1.3), taking into account (1.1), (1.2) and (2.1)
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gii = 20 + i + (1 4 3)* i, g = (1 4 o) (1 + o) fux (3.1)

Substituting into (2.10) in place of the invariants of the first de-
formation the invariants of the total deformation, obtained from (2.3)
by the exchange of e}, to g;,, and dividing the result by (1 + a )

(1+ o, ) (1+ oy ), we arrive at the elastic potential of the total de-
formatlon referred to the initial state

O =D + Oy + D, (3.2)
where

* 1 A 2 _f_j'_ ’____7_‘ 4 ’__.«—r(i A’-‘ A
D, =[(1 T 2] [§J1 -+ 7 I, 16-/2/3 8 J;J u

The invariants of the first deformation are denoted by primes,

(D12 = /(1f11 - 1(2f22 + 1<3f33

O, = L1 + Lofos® + Lafas® -+ Mifasfss + Mof /1o -+ Maf11fee +
+ Nifoy® -+ Nofasr + Nafio®

4 __——_l_i_l_]___ -i ’ ﬁ l| , ') -
[‘"<1+a-.»><1+a3>[ i A ek (/ 20\ e+ 5 J
L (1 -+ ay)® [)‘+ZH_2; ,_-,_*_;y_ ]
T ta)(tta)l 8 lrjl
MYETR(ER
M, = +a1 [ (eq+pq)]
1 (1
K,, Ky; Ly, Ly; My, My; Ny, Ny are derived from K, L,, M,, N, respect-

1vely by a circular permutatlon of subscripts of « and e.

To simplify the calculations, we omitted the terms higher than those
of the second power in f,1.e. we considered the second deformation as
being small; therefore, f in (3.2) should be taken from (1.2) without

the quadratic terms. ® * is the elastic potential of the first deforma-
tion referred, as also other terms in (3.2), to a unit volume 1in the
initial state of the body. ®12 expresses, as can be shown, the "partial"
work of the inmitial stresses in the second deformation. ®,, representing
the elastic potential of the second deformation, also appears as the
elastic potential of an orthotropic body [ 6}, whose principal directions
of elasticity coincide with the principal axes of the first deformation.
This indicates that, by the application of a second deformation, the
body deforms as an orthotropic one; that is, as a result of the first
deformation it becomes orthotropic. Therefore, the stresses produced by
displacements v; of the second deformation (secondary stresses)may be
taken from the corresponding solutions of the theory of elasticity of
anisotropic bodies. It will be our problem to find expressions for the
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elastic constants of this orthotropic body.

Remark 1. If the first deformation were not homogeneous and pure,
then the deformed body would be orthotropic at each of its points (i.e.
in the infinitely small vicinity of such points); however, the principal
directions of elasticity and the elastic constants at various points of
the body, in general, would be different. The principal elongations ai
would be functions of the coordinates of the points of the body, and the
displacements u; = aixi would define the deformation at point (xi), only
with an accuracy within a rotation of its vicinity around this point.

Remark 2, The statement, that q& represents the elastic potential of
the second deformation needs an explanation. During the second deforma-
tion, besides the forces producing it, there are also present the forces
which produced the first deformation (we shall call them continuously
acting forces} Therefore, to the density of the energy of deformation - -
to the elastic potential ® (3.2) - - should be added the density ¥ of
that potential energy which corresponds to those forces ( that is the
mechanical energy of the system associated with the first deformation);
and the secondary stresses are expressed as derivatives of the sum @ + ¥
with respect to components f of the second deformation, However, it is
possible to show that

A(O--Y) (D" - Dp - Do+ ¥) 0Dy
oy i = O

For this reason 45 was called the elastic potential of the second de-
formation. Indeed, as it was shown, QHZ represents the specific work of
initial stresses in the second deformation. Since this work is equal to
the specific work of the continuously acting forces in this same
deformation, so the density of the potential energy ¥ corresponding to
them, decreases if this work is positive, and increases if the work is
negative, Assuming ¥ as being equal to zero in the initial state (with-
out loss of generality), we obtain ¥ = - QHZ, from which equation (3.3)
follows. The absence, in the sum ® + ¥, as a consequence of ¥ = — @12,
of first power terms in f, expresses the stability of the initial state
of the body relative to deformation.

(3.3)

If the second deformation is not small, then Ws — @12. Not having
the possibility of entering into details, we merely mention that in such
cases we can expand ¥ into power series of the components f of the
second deformation. Then, in the sup ® + ¥, due to stability of the
initial state,@l2 will reduce by the first-power terms of f entering into
Y, and terms with higher powers of f are added to ® . Moreover, the
additional terms in ¢E. appear also in (3.2), since f cannot be taken
from (1.2) without quadratic terms, as it happened in the derivation of
(3.2).

Remark 3. The question relating to the type of anisotropy, developed
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as a consequence of an elastic deformation, was considered apparently
first by Voigt [ 13 ]. He came to the conclusion that after a large de-
formation (to which subsequently a small one is applied) the body attains
an elastic symmetry of a rhombic crystal if the first deformation is
homogeneous, and of a hexagonal crystal if it is a uni-axial elongation,
However, making use of the five-constant elastic potential suggested by
him, Voigt takes the components of the deformation (which he does not
consider small) without the quadratic terms, and the relation between the
elastic potential and the stresses taken on the same form, as in the
linear theory of elasticity. In our deductions above, we arrived by a
different method to a result qualitatively equivalent to Voigt's con-
clusion, if it is taken into account that the elastic potential ard the
generalized Hooke's. law for rhombic and hexagonal crystals, have the same
form as for the orthotropic and transversly isotropic bodies, . respectively.

4. Elastic constants of an orthotropic bedy

Hooke’s law for an orthotropic body,
S = % (Aufu + Arofas + Arafss), 393 = Agafas (4.1)
T9p = _; (Ayof 11 + Agofas + Asafss), 931 = Agsf3
O35 = %(Alafu ~+ Agsfas + Assfss), 313 = Agsf 12

contains the "moduli of elasticity" A;,, which can be expressed in terms
of the "components of strain" a;}

0033 — Gog® _ __ 12013 — adnds — 1

Au ="A Az:_s = Aaz =x A44 = ”‘“a“ (4-2)
Aagty) — aig® . . G120923 — Q13022 . 1

A22= TR Ag = A13 =""a Ass = s
a1 — dio? _ __ Q31033 — Q12033 _ 1

Agy = A Ay = A4y, = - A Agg = dos

A = 011055033 — 2815015853 — Q352055 — 13709y — Ao5%ay;
As 1s known, the coefficients of deformation are related to the so-
called "technical constants" of an orthotropic body by the relation [7 ]

all R a22 = =, a33 — -1. , a44 = ———1 N a55 == —1 y a68 =3 ——1 (4,3)
El ! E2 E8 GZS Gl3 Gl?
Va1 Vig Va1 vis V32 Vag
= = o == — — a = —— = — = a TZ e —— I —
ay E, E, ’ 13 FEs El ’ 23 Es El

where Ei’ Gipovip are Young’s moduli, shear moduli and Poisson’s ratios,
respectively. Introducing (4.1) in the well-known expression for the
elastic potential, we obtain

Q= ‘;"(cueu ~+ T32€05 + G33€3s -1~ S23€03 + Fa1€31 + I12€12) (4.4)
after replacing in it e ;, e, by “fii» fip- Comparing the derived equa-

tion with & i (3.2), we obtain an expression for the moduli of
elasticity iik in terms of A, g, &, and further after a substitution
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— Bow _Eo 4.5
M= =T aEiETR (4.9)
in terms of E ,v ,0; Substituting the derived expression for the moduli

of elasticity 4;, and expressions (4.3) into (4.2), we obtain equations,
from which the technlcal constants of an orthotropic body may be ex-
pressed in terms of Young's modulus E_ and Poisson’s ratio v, of an
initially isotropic body, and by its principal elongations in a homo-
geneous deformation. Omitting all intermediate calculations, we give
the expressions for these technical constants with an accuracy within
the second power of elongations @,

2v,? 1515 vg—12v2 | Gvgd -} dvyt
Ey = B [1— 2 — g (et o) — iy A

2 — v — 11vp? -+ 8vg® 5 3vg — 3vg? - 2v?
+ S ayd g (%) — T =g (et o) +

1+V0""'8\003
+ ( + vo) (1 —2vo) “2%] 4.9
(Ez and EB are obtained by cyclic permutation of subscripts of @);
[ 3 — Gvg 4 4vo? 4 4ve? B—12vp + dvo?
e = Yo |1 + (A4 v — 2°(1_2‘;0 ¢ «,? +___1—_°2;;-°_a23__
4w (1— 1 — bvy 3 —3
V;(_ZV:O) %y — - 110_;,0\'0 o 2+ vo +4Vo“2°‘3] (4.7)

(923 and v, are obtained by cyclic permutation; v} ; are obtained fromv;;
by an interchange of subscripts i and k;

1 — 1 3(3—4v
Gra = Go[1— 12 0 — gy (1 #0) — H o (® + ) +

2—3 5 2(1—vy 1 X
+2(1___2v)13 - i — 2v, s + 2 (al+“2) aS

(for 023 and G31 again cyclic permutation has to be applied).

(4.8)

5. Special cases

In formulas expressing the initial stresses (2.5), and in formulas
(4.6) to (4.8) defining the elastic constants of an orthotropic bedy,
produced from an isotropic body after the first homogeneous deformation,
the principal elongations @; in this deformation are presumed to be in-
dependent. Cases are given below, when they are connected by some
relationships.

1. Hydrostatic tension or compression. In this case ¢, =, = 03 = @;
@ > 0 for tension. As in equations (4.6) to (4.8) all quantities Ei'Gik
and v, differ one from another only by the arrangement of subscripts
of &, Young’'s moduli, shear moduli and Poisson's ratios of an ortho-
tropic body will be alike, that is the isotropy of the body will not be

disturbed by a hydrostatic tension or compression. This deformation will
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merely alter numerically the original values of Young’s modulus and
Poisson’s ratio, which they had before deformation and which will be now

E= EO[1 __.2“- -—V0+Vo2)“w 9—12\}0—{—10\;02_‘,4\,03“2}

T—2, 2{ — 2vg)
V= [ (L w)at g (74 %y + 29 o] (3.1)
The initial stresses from (2.5) will be
3, =0y = 03’ = p = ko — Bka (5.2)

where k = (3A + 2p) / 3 is the bulk modulus.

2. Untaxial extension or compression. An isotropic, prismatic bar,
after being extended or compressed {d < 0), becomes transversely iso-
tropic with the planes of isotropy perpendicular to its axis. Assuming
that the latter coincides with the axis of the coordinate 3 and by
putting &y = &, &, = 0, =~ v 0, we derive from (4.6) to (4.8) the
values of its technical constants (in the notation, adopted in reference

[71):

: 2 e 5y — 1542 b 25,3 - 2vp — 4dv,®
E=E12E2=Eo{i.._(i+yo2)d+ Vo Vg(i.—.;:o) ) 0 azJ
1 8 — 13 vy — 2voZ + 4vy®)
"=V12=V0[1““V0(1+v0)a—— vg { +Vo)(2(1_—"20v0) (i} (1 az]
’ b 15 — 30vy + 18v,2 e o
E = Ey= 0[l+2voa- e az] (5.3)

Y = Vg = Vg “Vo}i + (1 +v)a— —;‘(3_‘5"0"3"02)“2}

, 1 9 — 18y, + Ty, — 2vg®
G =Gy =0Gn= 60[1—5(1_%)"‘ - 4?1_;30) e “2]
The initial stresses from (2.5) will be

o = oy =0, o5 = Eg(l -+ 2va) (5.4)

3. Pure shear. If the principal elongations ¢, and &, satisfy the
condition {1 + a,) (1 + az) =1landa, = 0, then a deformation field of
pure shear will be produced relative to axes 1,2,3. Suppose that com-
pression takes place parallel to axis 1 and extension parallel to axis 2.
We put [6]

a, =sec B —tgh—1, &g = secf +tanf —1 (5.9)

These expressions for principal elongations satisfy the set condition.
Letting tan B = (&, -~ @) / 2= s/2, we derive
ocl—_-:-—;—]/l;—}-sz._-%s._..lz————;s(iw-;‘—s) 5.6
.
az=%]/4+33+—}zs——— i z—;—s(1+—}s)
with an accuracy to s’ inclusively. If a plate with its edges parallel
to the axes 1 and 2 is subjected to pure shear, then it becomes ortho-
tropic and its technical constants are determined by substituting the
value of o previously derived into expressions (4.6) to (4.8). Among
these technical constants we present the following:
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1+V0 ?“1OV0+3V02"'2V03+2V04 2]
By = B[t — s — S b s
"1 ) _7-———10\:0—}-3\1(,‘3-—-2\’“3-{»-2\:0‘ s2]

=St TT2 Z(1—2vg) (1 %)

3 — Bvp - 2vg? — vo? -
V1="12=v0[1_1§vo3“ 2‘201;;'30) = 32] (5-7)
14y 3 — Bvy 4 2vp%— vB
"22"‘“:""[1'{* T ST T (=) 032]

3.—'4‘10 2
6= 6. = Go[1— =57 ]

In above formulas s = Uy - 0 The initial stresses, by (2.5), will be

A43u o ,
5, = ps + _Z‘Ls: 3y =

N

2 (5.8)

We note that on axes 1, 2°, 3, produced by the rotation of axes 1, 2
through an angle ¢ = n/4 = B/2 around the axis 3 (see Fig.2), the
principal elongations (5.6) define the deformation field of simple shear,
and s is the "magnitude* of this shear, i.e. the displacement of any
point (x;), referred to axes 17, 2%, 3, will be u;” = sx,”, u,” = uy =

2

z’ 7
P

aq 7

Fig. 2.

4. State of plane stress. For ;" = 0
A

(5.10)

V
0= — s (m t+ a) = — - (a t o) (5.9)
The initial stresses different from zero will be, from (2.9)
E v ; vo (1 — 2v) 1~29,\--v‘
51'=IT()\‘2(QI+V00(2)+1_0% @ — 1_\‘00% == o
, vg {1 — 2v, v 1 —- 2vp = %2
3y = (%“1 + ay) — L(“”;;“o“) x? + 1_va“22 - 1_0\, o0y

6. Some appllcatlons

1. Torsion of an extended or compressed bar. Let the relative elonga-
tion of the axis of the bar, coinciding with the coordinate axis 3, be
equal to @. The initial stresses may be found from (5.4). The bar will
be twisted as a transversely isotropic one, with the elastic constants
from (5.3), due to the action of a tensile force p = sEa(l + 2 v a);
where s is the area of the cross-section after elongation. However, in
the case of a transversely isotropic rod, in first approximation, the
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tensile force does not affect the magnitude and the distribution of
shear stresses, and the latter is equal to the one in an isotropic bar,
for given twisting moment M, [7 1. Therefore, the non-vanishing
secondary stresses in a bar, whose cross-section before elongation is
bounded, for example, by a contour xl‘?/a2 + xzz/b2 = 1, will be

. 2M sz, Mz, 20

S T TR vl T e (L 3% 6l

(6.1)

v 21‘/[111
Tog = 7% (1 — vya)® = na*’b (1 + Bvpx + 6\‘2“2)

It is taken into account here that after elongation of the bar, its
cross-section will be bounded by an ellipse y, /[ a?(1 - vo&}z} +
y, 2/ L 21 - v,@)2 ] = 1. The torsional rxgldzty of an extended or com-
pressed bar w111 be

s 353 - ’
6= =y =Gt — e g 9 TR ] (6.2)

where G” is given by (5.3) and G,° denotes the rigidity of a bar that is
neither elongated nor compressed.

2, Bending of an extended or compressed plate. A rectangular aniso-
tropic plate, extended (compressed) in two directions parallel to its
edges, will bend under an arbitrary, normal load, as an orthotropic
plate with its principal directions parallel to the edges, under the
action of forces p, = 0,"h, p, = 0,7h, unxformiy ﬂistrlbuteé along these
edges, and taken per unlt length where o,” and ¢,” are given by (5.10),

1 2
and the thickness of the plate from (5.9) is

b= ho[1— g2 (a4 )| (6.3)

1f ho is the thickness of the plate before elongation, and &, and @, are
its relative elongations. The theory of bending of orthotropic plates is
well developed (see references [8-111). The bending and torsional
rigidities, required for the analysis of the plate by this theory,

Dy=E 12 (1 —opvg)y  Dy= Euh® 112(1 — uyv,)
Dy = GR3[12, Dy = Dy, + 2D, (6.4)

are found with the aid of formulas (4.6) to (4.8), putting in them

Yig == Vis Yy == Vg GE§G,ay=—wdm+ﬁQﬂi~%) (6.5)
By 2, 1 -+ 2vp— vo? 15 — 60, + T6v,? — 26v7
Ql—ﬁzuwoz)[ =y, M Ty, T T ad—mpi—vwy T
2 — 3vp — Vo Ty + 4yt o? e YO 10vp2 4~ 24wp? — 10v,t «
TA— 2 A =v? 02 T T A — Dy (v %2
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(for D, it is necessary to interchange the subscripts 1 and 2),

Gohe? 145
Dy = S 1 — B a4 ) —
9 —— 34vg - 20vo? 4 10v,° 2 — 8vg + 4vp2+ Ivp? ]
4(1—2vo) (1 —vo)? (22 + &y ) T A 2w d — v %

6.6
D E“Vohos 2V() ( )
1¥g = 20— -1 o (al + “2) -
3 A2v+ 16v2— 20 ,_ 5 , o 1 — v Bug -+ dvt
Sy i vz s ol G A T ¥ e L

If the plate is stretched or compressed only in one direction, then
it will bend as a tranversely isotropic one, with planes of isotropy per-
pendicular to the direction of extension, under longitudinal forces,
p=Eha(l+ 2va), acting on two opposite edges, [see (5.4)]. In thls,
o 1s the relative elongatlon of the plate; and h = h (1-v a), 1f h
the thickness of the plate before extension. The 1n1t1al stress d1fferent
from zero is

o' = Eyx (1 + 2vy) (6.7}
The rigidities necessary for the bending analysis of the plate, may
be found by substitution of @, = @, @, = - v @, into (6.5), (6.6), to
obtain
Eoho® . 15 — 43vg 4 27vp? 4 24vg® — 23 vt -4 Svp® a?
D, = 1‘2‘“"‘““(1.?»'2')' {1_’0(1_"*’)““ 2 — Svo) (1 — o) ]
E 2 — vy — 15vg2 - 18vy? — By,
Dy = mi_o_’&_ [1 — (14 By T e gt (6.8)
Goho 1 + 5\00 9 — 24 Yo + 13\’02 + 10?03
Dy = =45 [1— 7z * 4(1—2v) “]
— tho — 2., 3Vo - 11\'02 + '14\'03 - 6\}0‘ + Zvn" 9
Drve = gy —vy [”” 2’ 20— 2v) (1 —v) x }

3. Bending of a plate after application of shear. At first we assume
that bending is applied to a plate subsequently to pure shear. Let the
edges of the plate be parallel to axes 1, 2 in Fig.2, that is in the
principal directions for pure shear. The initial stresses are determined
from (5.8). During a subsequent application of normal loading, the plate
will bend as an orthotropic one, with the principal directions, parallel
to its edges subjected to arbitrary forces o.’h and 0,’h, acting parallel
to these edges, where 0, and 0,” are taken from (5.8%. The quantities,
necessary for the determination of rigidities are found by substituting
expressions (5.7) into (6.4):

. Luha 1 + Yo 7— 24V0 + 26\!02 — Tvg?
Dy 12(1u_voz)[ PR 4(1—~2v0)(1—-vo)“ 32] (5= 22— )
_ Eg® 1+ v 7 — 2hvy -+ 26vp? — Togd “
D = mr =y {1 T ST I g =y 82] (6.9)

_ Geh? _ 3 — v, 2 . Eeveh® [ 2 — Tvg 4 Tt 5
Dk - 12 [1 4 (1 —_ 2%)0) § } D‘)’ V1= 12(1 -_ ‘Jegjtj 4(1— 2\!0) (i'—*‘l‘g} "J
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Now let us assume that two edges of a rectangular plate in a deforma-
tion field of pure shear, coincide with axes 1°, 2°, rotated relative to
the principal directions 1, 2 of pure shear by the angle ¢ = %7 - % 3
and tan f3 =% s, where s is the magnitude of simple shear (see Fig.2).
The plate will undergo pure shear (see the remark at the end of Section
5). The stresses corresponding to this shear are found by formulas

o’ =3,/ cos*o + 3" sin>p = Ti‘ (h 4 p) s?
1
4

939" = 9y sin® o + 3,'cos? 0 =

(r 4 @) s? (6.10)
9y’ = (0’ — 3,") sinw cos p = us
where 0,7, 0,” are taken from (5.8). Formulas (6.10) indicate that the
deformation of pure shear cannot be caused by shear forces only; 1if 1t
is to be significant, also normal forces should be applied to the edges
of the plate, proportional to the square of the magnitude of shear, s
(regarding the insufficiency of shear forces, see, for example, Green
[12 1). The rigidities of the plate, relative to axes 1, 2, are given by
formulas (6.9). Dll’, Dzz’, necessary for the determination of the bend-
ing rigidity, the torsional rigidity D, “ and the relative Poisson’s
ratio Yy = D12'/D22', as well as the secondary rigidities Dié" Dzs"
absent for axes 1, 2, are determined by formulas [ 8]

Dy’ = D, cos*o - 2Dgsin® v cos? @ + Dy sint o
Dyy' = D, sin* o + 2D;sin? ¢ cos? ¢ -+ D, cost ¢ (6.11)
De’ = Dy + (D) + Dy — 2D3) sin? p cos? o
1 = o [Dvy + (Dy + Dy — 2Dg) sin? 3 cost ]
D,y = < (Dysin®s — D cos® ¢ + Dy cos 29) sin 20
Dy’ = — (D, cos? 9 — D sin? o — Dj cos 2¢) sin 2¢

Substituting the expressions (6.9) and ¢ = % 7 ~ % 8 into (6.11), we
obtain the rigidities, required for the analysis of a plate in bending:

D, — Eoh? I: 1 13— Gvg -+ Ty 2]
S S ) (1 —_ V02) - 3(1_2"0)(1—\’0)
Dot Bk [y 2— v+ 8ve® — 2 2}

27 RA—vw)l 20— 2v) (1 —v)

" Eoh® 14 vy 7 — 26vp + 33vg2—14v,3 2]

Deo’ = 12(1—\:02)[ 3 S 21 — 2v) (1 — vo) s (6.12)
s h3
Yi = Vg — —;—(1 — y0)2 32Y Dlel — Dgﬂl — ['/oll 1 “+ v s

1201 —ve) 4
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To check the calculations, we may use the relationships derived from
(6.11)

Dy + Dy’ +2Dy" = Dy + Dy + 2Dy,

, , (6.13)
Dse — Dy, = Dy — Dy,
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